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Abstract

We study a class of models that describes isotropic hyperelastic materials and that is defined using a novel set of
invariants for the Hencky strain. For these models, we derive the appropriate form of the Baker–Ericksen inequalities.
To illustrate an application, we then use this form of the Baker–Ericksen inequalities to develop a set of specific con-
stitutive restrictions for a model of rubber-like materials proposed in [Criscione, J.C., Humphrey, J.D., Douglas, A.S.,
Hunter, W.C., 2000. J. Mech. Phys. Solids 48, 2445–2465].
� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

In classical non-linear elasticity, the stored-energy function of a material modeled as hyperelastic and
isotropic, like rubber, for example, can be written as a function of the principal invariants of an appropriate
strain measure. This approach is mathematically elegant and by it one can solve analytically several basic
and interesting boundary-value problems. On the other hand, for determining specific models from exper-
imental data, the use of the principal invariants is problematic. For experiments typically used to collect
stress-strain data, like biaxial stretching experiments, a high covariance among the stress response terms
propagates experimental error. (The covariance issue is discussed in detail in Criscione, 2003.) As a
consequence, definitively determining the hyperelastic response of, say, rubber from biaxial stretching data
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is difficult. Because one of the basic goals of the theory of elasticity is to model real materials, this difficulty
is significant.

To address this issue, Criscione et al. (2000) developed an alternative set of invariants, based on the Hen-
cky strain (also called logarithmic or natural strain). Though less elegant mathematically than the standard
isotropic invariants, each alternative invariant admits a straightforward mechanical interpretation, which is
not so for each of the standard invariants. More importantly, the alternative invariants yield models that do
not suffer from covariance among the stress response terms. Criscione et al. (2000) demonstrate the use of
their alternative invariants to accurately fit models from several classical data sets for biaxial-stretching
experiments on rubber.

Although experimental difficulties motivated the development of this alternative set of invariants, still
important is the mathematical analysis of models based on these invariants. As suggested by Wilber and
Walton (2002), such analysis illuminates what a given model implies about the mechanical properties of
the material. Moreover, this analysis provides additional restrictions on parameters, which can facilitate
fitting models from experimental data.

In this paper we undertake a careful treatment of models based upon the alternative invariants proposed
in Criscione et al. (2000). For these models, a classical constitutive restriction, the Baker–Ericksen inequal-
ities, is considered. We derive the exact form that this constitutive restriction takes for models based on the
alternative invariants.

Additionally, we consider a class of specific models, for which we derive exact conditions on the
parameters in the model in order for the model to satisfy the constitutive restriction. These conditions
are used to check several models fitted from data in Criscione et al. (2000). The final set of inequalities
(4.8) and (4.9) is fairly complicated. (Compare these, for example, to the simple characterization of the
Baker–Ericksen inequalities for, say, a neo-Hookean model.) This complexity is perhaps surprising, since
the class of models is relatively simple and the inequalities are in fact not a complete characterization.
However, if we take seriously the need to construct improved models of rubber-like materials and if
we accept that these models should satisfy constitutive restrictions like the Baker–Ericksen inequalities,
then, unavoidably, we must discover and implement complicated systems of inequalities like those de-
rived below.

This paper is a small piece in a larger effort to develop better models of rubber-like materials. That cur-
rent models be improved dramatically is essential in order to make progress in the material science and
mechanics of such materials. (Our specific interest is in the mechanics of soft tissues, although the models
we consider here are isotropic and hence not appropriate for many soft tissues, even under conditions for
which these tissues can be modeled as hyperelastic.) We believe that progress can be made through a com-
bination of experimental considerations, like those that motivated the work in (Criscione et al., 2000), and
theoretical considerations, like those that motivated the research presented in this paper.
2. A model based on logarithmic strain

In this section, after briefly introducing notation and presenting some standard background information
from non-linear elasticity, we define the set of alternative invariants for isotropic materials introduced in
(Criscione et al., 2000). Using these invariants we then define the class of hyperelastic models that are
the subject of our ensuing study.

We use Lin to denote the set of second-order tensors, which act as linear maps from R3 to R3. We write
elements of Lin as uppercase boldface letters and elements of R3 as lowercase boldface letters. The value of
a second-order tensor T at a vector v is written Tv, while the composition of the second-order tensors S and
T is written ST. For a; b 2 R3, we recall that the diad a � b is an element in Lin defined by
(a � b)v :¼ (b Æ v)a, where a Æ b is the usual inner product of vectors. If {ej}, {fk} are bases for R3, then
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{ej � fk} is a basis for Lin. An inner product is defined on Lin by first defining (a � b):(c � d) :¼ (a Æ c)(b Æ d)
and then extending the product by linearity to all second-order tensors.

The second-order tensor F denotes the deformation gradient associated with the deformation of an elas-
tic body in R3, while C :¼ FTF denotes the right Cauchy–Green strain tensor, where FT is the transpose of
F. The polar decomposition of the deformation gradient is F = VR; the left stretch tensor V is positive def-
inite and symmetric.

We denote the first Piola–Kirchhoff stress by T and the Cauchy stress by t. A material is hyperelastic if
there is a real-valued stored-energy function whose gradient with respect to F is T. Recall that for a hyper-
elastic material the principle of frame-indifference implies that the stored-energy function may be written as
a function bW of the right Cauchy–Green strain C. If a hyperelastic material is isotropic, then there is a �re-
duced� stored-energy function eW : R3 ! R such that
bW ðCÞ ¼ eW ði1ðCÞ; i2ðCÞ; i3ðCÞÞ; ð2:1Þ
where i1, i2, and i3, the principal invariants of C, are defined by
i1ðCÞ :¼ I : C; i2ðCÞ :¼
1

2
½ðI : CÞ2 � I : C2	; i3ðCÞ :¼ detðCÞ: ð2:2Þ
We shall refer to i1, i2, i3 as the standard invariants.
An alternative set of invariants to describe isotropic materials is defined in Criscione et al. (2000). To

introduce these invariants––which we denote by K1, K2, K3––we first recall that the logarithmic, or Hencky,
strain, is H :¼ ln(V) (Anand, 1979a,b; Truesdell and Toupin, 1960). We define K1 and K2 by
K1 :¼ trðHÞ; K2 :¼ ðdevðH : devðHÞÞ1=2
; ð2:3Þ
where for (2.3)2, we recall that for a second-order tensor A, dev(A) :¼ A � (I :A)I/3 is the deviatoric part of
A. Note that tr(H) = lnk1k2k3, where k1, k2, k3 are the principal stretches of F. Hence K1 measures the
�amount of dilatation�. Also note that dev(H) = 0 if and only if k1 = k2 = k3. K2 can be viewed as a measure
of the magnitude of distortion. It is easily checked that K1 2 R while K2 2 [0,1). Also, for K2 5 0, we de-
fine the �mode of distortion�, K3, by
K3 :¼ 3
ffiffiffi
6

p
detðdevðHÞ=K2Þ: ð2:4Þ
It can be shown that K3 2 [�1,1] and that K3 = 1 in uniaxial extension, K3 = �1 in uniaxial contraction,
and K3 = 0 for pure shear. See (Criscione et al., 2000) for a detailed introduction to these alternative invar-
iants. In particular, see Section 10 in (Criscione et al., 2000) for a brief review of other sets of alternative
invariants proposed by various researchers and how these relate to (2.3) and (2.4).

For a given deformation gradient F, one can construct the map between the principal stretches of F and
the alternative invariants just defined. It is readily checked that this map provides a 1–1 correspondence
between the set of principal stretches and the set of alternative invariants. (There is a slight technicality that
must be addressed for K2 = 0; see Eqs. (2.8) and (2.9) in Criscione et al. (2000).) Because a hyperelastic
material is isotropic if and only if its stored-energy can be written as a function of the principal stretches,
it follows that the stored-energy of any isotropic hyperelastic material can be written as
W ðK1ðHÞ;K2ðHÞ;K3ðHÞÞ: ð2:5Þ

Note that if the material is incompressible, so that it sustains only deformations that satisfy det(F) = 1,

then K1 � 0 and (2.5) reduces to
W ðK2ðHÞ;K3ðHÞÞ: ð2:6Þ
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3. The Baker–Ericksen inequalities

In this section we recall the Baker–Ericksen inequalities and we derive, by a straight-forward computa-
tion, the form that these inequalities take when specialized to the model (2.5).

Consider a deformation F = VR of an isotropic material. Let k1, k2, k3 denote the principal stretches of V
and let v1, v2, v3 denote the corresponding principal directions. Recall that for isotropic materials, V is co-
axial with the Cauchy stress t; we denote by ti the principal stress, i.e., the eigenvalue of t, corresponding to
the principal direction vi. The Baker–Ericksen inequalities are
ðti � tjÞðki � kjÞ > 0 if ki 6¼ kj; ð3:1Þ

which say that the greater principal stress occurs always in the direction of the greater principal stretch
(Truesdell and Noll, 1965).

We now derive the form that these inequalities take for the model (2.5). We assume that K2 > 0, which, it
can be shown, is equivalent to assuming that the principal stretches are not all equal. A first step is to note
that the Cauchy stress satisfies
J t ¼ oW
oH

; ð3:2Þ
where J :¼ det(F); see (Alturi, 1984; Bruhns et al., 2001; Hill, 1978). From this and (2.5) follows:
t ¼ 1

J
W ;1Iþ

1

J
W ;2U þ 1

JK2

W ;3Y ð3:3Þ
for K2 > 0, where
U :¼ devðHÞ
K2

; Y :¼ 3
ffiffiffi
6

p
U2 �

ffiffiffi
6

p
I� 3K3U: ð3:4Þ
(If K2 = 0, isotropic symmetry requires that W depend on K2 in such a way that t = J�1W,1I; see Section
5 in (Criscione et al., 2000).)

To find the principal stresses from (3.3), we first note that
Uva ¼
devðHÞ
K2

va ¼
1

K2

ln ka �
trðHÞ

3

� �
va ð3:5Þ
and that
Yva ¼ ð3
ffiffiffi
6

p
U2 �

ffiffiffi
6

p
I� 3K3UÞva ¼

3
ffiffiffi
6

p

K2
2

ln ka �
trðHÞ

3

� �2

�
ffiffiffi
6

p
� 3K3

K2

ln ka �
trðHÞ

3

� �" #
va: ð3:6Þ
We now combine (3.3)–(3.6) to get
tva ¼
1

J
W ;1va þ W ;2Uva þ

1

K2

W ;3Yva

� 	
¼ 1

J
W ;1 þ

1

K2

W ;2 ln ka �
trðHÞ

3

� �
þ 1

K2

W ;3

3
ffiffiffi
6

p

K2
2

ln ka �
trðHÞ

3

� �2

�
ffiffiffi
6

p
� 3K3

K2

ln ka �
trðHÞ

3

� �" #( )
va:

ð3:7Þ
For convenience we set aa :¼ lnka � tr(H)/3. By (3.7) we have
ta ¼
1

J
W ;1 �

ffiffiffi
6

p

K2

W ;3

 !
þ 1

K2

W ;2 �
3K3

K2
2

W ;3

� �
aa þ

3
ffiffiffi
6

p

K3
2

W ;3a
2
a

" #
: ð3:8Þ
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Returning to (3.1), we see that
ðta � tbÞðka � kbÞ ¼
1

J
1

K2

W ;2 �
3K3

K2
2

W ;3

� 	
ðaa � abÞ þ

3
ffiffiffi
6

p

K3
2

W ;3ða2
a � a2

bÞ
( )

ðka � kbÞ

¼ 1

J
1

K2

W ;2 �
3K3

K2
2

W ;3

� 	
þ 3

ffiffiffi
6

p

K3
2

W ;3ðaa þ abÞ
( )

ðaa � abÞðka � kbÞ: ð3:9Þ
Note that
ðaa � abÞðka � kbÞ ¼ ðln ka � ln kbÞðka � kbÞ > 0 for ka 6¼ kb: ð3:10Þ

Therefore (3.1) is equivalent to
1

K2

W ;2 �
3K3

K2
2

W ;3 þ
3
ffiffiffi
6

p

K3
2

W ;3ðaa þ abÞ > 0 for ka 6¼ kb: ð3:11Þ
Recall that jK3j 6 1. We define h :¼ ð�1=3Þsin�1ðK3Þ; note that h 2 [�p/6,p/6]. One can use (2.8) and
(2.9) in Criscione et al. (2000) along with some elementary algebra and trigonometry to show that
a1 þ a2 ¼ ln k1 þ ln k2 � 2K1=3 ¼
ffiffiffiffiffiffiffiffi
2=3

p
K2ðsinðh þ 2p=3Þ þ sinðhÞÞ: ð3:12Þ
So for a = 1, b = 2, we can rewrite (3.11) as
K2W ;2 þ 3½2ðsinðh þ 2p=3Þ þ sinðhÞÞ � K3	W ;3 > 0 ð3:13Þ

if k1 5 k2. Upon making similar arguments from (3.11) for a = 1, b = 3 and for a = 2, b = 3, we see that the
Baker–Ericksen inequalities take the form
K2W ;2 þ SiðK3ÞW ;3 > 0 for i ¼ 1; 2; 3; ð3:14Þ

where
S1ðK3Þ :¼ 3½2ðsinðh þ 2p=3Þ þ sinðhÞÞ � K3	; ð3:15aÞ

S2ðK3Þ :¼ 3½2ðsinðhÞ þ sinðh � 2p=3ÞÞ � K3	; ð3:15bÞ

S3ðK3Þ :¼ 3½2ðsinðh þ 2p=3Þ þ sinðh � 2p=3ÞÞ � K3	: ð3:15cÞ
Remark 3.16. Adding the left-hand sides of the three inequalities in (3.14) and using the identity
sinðh þ 2p=3Þ þ sinðhÞ þ sinðh � 2p=3Þ ¼ 0; ð3:17Þ

we see that (3.14) and (3.17) imply
K2W ;2 � 3K3W ;3 > 0: ð3:18Þ

This inequality does not contain any of the functions defined in (3.15). In fact, we can produce a set of

inequalities equivalent to (3.15) but without the functions Si. Let A1, A2 and A3 denote the left-hand sides of
the three inequalities in (3.14). Then (3.14) and (3.17) along with several other standard trigonometric iden-
tities imply that
ðA1A2 þ A1A3 þ A2A3Þ=3 ¼ K2
2W

2
;2 � 9ð1 � K2

3ÞW 2
;3 � 6K2K3W ;2W ;3 > 0: ð3:19Þ
Also, one can check that
A1A2A3 ¼ K3
2W

3
;2 � 9K2

2W
2
;2W ;3K3 � 27W 2

;3K2W ;2 þ 27K2W ;2W 2
;3K

2
3 þ 27W 3

;3K3 � 27W 3
;3K

3
3 > 0: ð3:20Þ



1552 J.P. Wilber, J.C. Criscione / International Journal of Solids and Structures 42 (2005) 1547–1559
That the three new inequalities derived in (3.18), (3.19) and (3.20) are in fact equivalent to those in (3.14)
follows from the observation that for any three real numbers a1, a2, and a3, we have
a1; a2; a3 > 0 if and only if a1 þ a2 þ a3; a1a2 þ a1a3 þ a2a3; a1a2a3 > 0:
However, the alternative set of inequalities (3.18)–(3.20) is difficult to use because of the presence of pow-
ers of the partial derivatives of the stored-energy function.
4. Application to a specific model

In the first part of this section we specialize the inequalities derived in Section 3 to incompressible mate-
rials described by models of the form
W ðK2;K3Þ ¼ hðK2Þ þ gðK2ÞK3; ð4:1Þ
where h and g are smooth functions. Later in this section, upon choosing specific functions for h and g, we
derive explicit conditions on the parameters that appear in these functions so that the Baker–Ericksen in-
equalities are satisfied. Note that W in (4.1) is a special case of (2.6). The salient feature of (4.1) is its linear
dependence on K3, which is useful analytically. Moreover, as shown in Criscione et al. (2000), such models
provide a sufficiently rich class within which one can construct stored-energy functions that fit experimental
data well.

A special case of (4.1), namely, hðK2Þ ¼ GK2
2 and g(K2) � 0, where G is a positive constant, was consid-

ered in (Bruhns et al., 2001). See also (Anand, 1979a,b). For this model, Bruhns et al. derive results related
to the Legendre–Hadamard condition and Hill�s inequality. From (4.2) below, it is immediate that, as one
would expect, the model considered by Bruhns et al. satisfies the Baker–Ericksen inequalities if and only if
G > 0.

Inserting (4.1) into the inequalities (3.14) yields
K2 h0ðK2Þ þ g0ðK2ÞK3ð Þ þ SiðK3ÞgðK2Þ > 0 for i ¼ 1; 2; 3; ð4:2Þ
where each Si is defined in (3.15).
Particular choices of i and K3 now give further restrictions on h and g. Using (3.15), we see that

S2(1) = S3(1) = 0. Hence for K3 = 1 and i = 2 or 3, (4.2) implies that
K2 h0ðK2Þ þ g0ðK2Þð Þ > 0: ð4:3Þ

Likewise, for K3 = �1 and i = 1 or 3, (4.2) implies that
K2 h0ðK2Þ � g0ðK2Þð Þ > 0: ð4:4Þ

Also, for K3 = 0––which, as mentioned earlier, corresponds to pure shear––and i = 3, (4.2) implies
K2h
0ðK2Þ > 0: ð4:5Þ
Since K2 > 0, it follows by combining (4.3)–(4.5) that
h0ðK2Þ > 0 and � h0ðK2Þ < g0ðK2Þ < h0ðK2Þ ð4:6Þ
are necessary conditions for (4.1) to satisfy the Baker–Ericksen inequalities. One can easily construct count-
erexamples to show that the conditions in (4.6) are not sufficient. For example, taking hðK2Þ ¼ AK2

2 and
gðK2Þ ¼ BK2

2, with A, B > 0, one can check that (4.6) is satisfied for all 0 < K2 < 2A/3B but that (4.2) will
not hold for i = 2, K3 = 0, and K2 sufficiently close to 2A/3B.
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To derive more detailed results, we next consider a model of the form (4.1) with the specific choices
hðK2Þ ¼ A1K2
2 þ A2K3

2 þ A3K4
2; gðK2Þ ¼ A4K3

2 þ A5K4
2; ð4:7Þ
where A1 to A5 are material parameters. We seek conditions on these parameters that are either nec-
essary or sufficient for the model to satisfy the Baker–Ericksen inequalities. As we shall see, pursuing
even these modest goals leads to a set of surprisingly complicated inequalities, a point mentioned in
Section 1.

A model of the form (4.7) was introduced in Criscione et al. (2000) and tested using data from two well-
known sets of experiments on the biaxial stretching of rubber sheets (Jones and Treloar, 1975; Rivlin and
Saunders, 1951). In (Criscione et al., 2000), parameter values were chosen that yield models that accurately
fit the experimental data. Later, after we state conditions for the Baker–Ericksen inequalities, it will be of
interest to check whether the specific parameters used in Criscione et al. (2000) satisfy the conditions we
derive.

We get a set of conditions necessary for (4.1) and (4.7) to satisfy the Baker–Ericksen inequalities
by substituting (4.7) into (4.6). To simplify the inequalities, we assume that each of the parameters
A1, A2, . . .,A5 is different from 0. We restrict K2 6 K�

2, where K�
2 is a positive constant, in order to

consider only some physically reasonable range of stretches. Putting (4.7)1 into (4.6)1, dividing the
resulting inequality by K2, and using Lemma 4.12, which is given below, yield the following necessary
condition:
�4A1=x� 6 3A2 and A3 > �A1=2ðx�Þ2 � 3A2=4x�; or ð4:8aÞ

�4A1=x� > 3A2 and A1A3 > 9A2
2=32: ð4:8bÞ
Similar manipulations based on (4.6)2 and also using Lemma (4.12) yield the additional necessary
condition:
A4 6
�4A1

x�
� A2 and

9ðA2 þ A4Þ2

32A1

� A3 < A5 <
3ðA2 � A4Þ

4x�
þ A1

2ðx�Þ2
þ A3; or ð4:8cÞ

jA4j <
4A1

x�
þ A2 and � 3ðA2 þ A4Þ

4x�
� A1

2ðx�Þ2
� A3 < A5 <

3ðA2 � A4Þ
4x�

þ A1

2ðx�Þ2
þ A3; or ð4:8dÞ

A4 P
4A1

x�
þ A2 and � 3ðA2 þ A4Þ

4x�
� A1

2ðx�Þ2
� A3 < A5 < � 9ðA2 � A4Þ2

32A1

þ A3: ð4:8eÞ
A set of sufficient conditions, whose derivation is more lengthy and is given at the end of this section, is
the following:
ðiÞ A4A5 > 0 and � 4A1=x� � 3A2 > �6jA4j and

� 3
ffiffiffi
3

p
jA5j > 9A2

4=2A1 � 9A2jA4j=2A1 þ 9A2
2=8A1 � 4A3; ð4:9aÞ

ðiiÞ A4A5 > 0 and � 4A1=x� � 3A2 6 �6jA4j and

� 3
ffiffiffi
3

p
jA5j > �6jA4j=x� � 2A1=ðx�Þ2 � 4A3 � 3A2=x�; ð4:9bÞ

ðiiiÞ A4A5 < 0 and � 4A1=x� � 3A2 6 �6jA4j and

6jA4j=x� � 2A1=ðx�Þ2 � 4A3 � 3A2=x� < 5jA5j and

� 6jA4j=x� � 2A1=ðx�Þ2 � 4A3 � 3A2=x� < �7jA5j; ð4:9cÞ
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ðivÞ A4A5 < 0 and

� 6jA4j < �4A1=x� � 3A2 < 6jA4j and

9A2
4=2A1 � 9A2jA4j=2A1 þ 9A2

2=8A1 � 4A3 < 5jA5j and

2A1=ðx�Þ2 � 4A3 < 4jA5jA1=jA4jx� þ 3jA5jA2=jA4j � jA5j and

� 6jA4j=x� � 2A1=ðx�Þ2 � 4A3 � 3A2=x� < �7jA5j; ð4:9dÞ

ðvÞ A4A5 < 0 and

� 4A1=x� � 3A2 P 6jA4j and

9A2
4=2A1 � 9A2jA4j=2A1 þ 9A2

2=8A1 � 4A3 < 5jA5j and

9A2
4=2A1 þ 9A2jA4j=2A1 � 9A2

2=8A1 � 4A3 < �7jA5j: ð4:9eÞ
Note that each of (4.9a)–(4.9e) by itself is sufficient.
Although the particular details of these inequalities are not important, their value can be demonstrated

by checking these conditions for the specific models presented by Criscione et al. (2000). For models of the
form (4.1) and (4.7), these authors derived two sets of parameter values, namely,
A1 ¼ :48; A2 ¼ �:053; A3 ¼ :088; A4 ¼ :065; and A5 ¼ :039 ð4:10Þ

for the model based upon the data in Jones and Treloar (1975), and
A1 ¼ :47; A2 ¼ �:08; A3 ¼ :095; A4 ¼ :045; and A5 ¼ :05 ð4:11Þ

for the model based upon the data in Rivlin and Saunders (1951).

For the model using the values in (4.10), we check the sufficient conditions (4.9). We start by observing
that A4A5 = .002535 > 0, so that the relevant sufficient condition is either (4.9a) or (4.9b). To determine
which applies, we sketch the graph of x* # �4A1/x* � 3A2 on, say, the interval [1, 5]. Fig. 1 indicates that
if x� < �x, where �x is approximately 3.5, then the appropriate condition is (4.9b). One checks that the final
inequality in (4.9b) is satisfied for any x* between 0 and �x. On the other hand, if x� P �x, then the appro-
priate condition is (4.9a). For this case we compute the two constants on each side of the final inequality
in (4.9a) and verify that this inequality is satisfied. Therefore in either case the sufficient conditions are
satisfied.

A similar procedure for the parameter values as in (4.11) shows that the sufficient conditions are satisfied
for any choice of x* > 0. Because both models satisfy the sufficient conditions, we know immediately that
each satisfies the necessary conditions (4.8).

Before presenting the derivation of the conditions in (4.9), we note that it would be of interest to char-
acterize properties of a more mathematical nature, like the Legendre–Hadamard condition, for the class of
models we consider. However, some initial computations suggest that, because of the presence of the tran-
scendental function in the definition of the Hencky strain, checking these properties is quite complicated for
even the specific and relatively simple model (4.1) and (4.7). See (Sendova and Walton, in press) for some
Fig. 1. x* # �4A1/x* � 3A2.
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results in this direction. We note that in Bruhns et al. (2001), the authors successfully derive inequalities for
the Legendre–Hadamard condition by restricting their attention to an important but very special case of
(4.7).

Derivation of (4.9). First we present a simple lemma, which has been used several times above and will be
used again below.

Lemma 4.12. The inequality ax2 + bx + c > 0 holds for all x 2 ð0;�x	 if and only if c P 0 and
ðiÞ b 6
�2c
�x

and ac >
b2

4
; or ð4:13Þ

ðiiÞ b >
�2c
�x

and a > � b
�x
� c
�x2

: ð4:14Þ
The proof involves only elementary arguments.
As a first step to deriving (4.9), we put (4.7) into (3.14), which yields
2A1K2
2 þ 3A2K3

2 þ 4A3K4
2 þ 3A4K3

2K3 þ 4A5K4
2K3 þ SiðK3ÞðA4 þ A5K2ÞK3

2 > 0: ð4:15Þ
After cancelling K2
2 and rearranging, we see that the problem is to find sufficient conditions on A1 to A5

so that
4A3 þ ð4K3 þ SiðK3ÞÞA5	K2
2 þ ½3A2 þ ð3K3 þ SiðK3ÞÞA4	K2 þ 2A1 > 0

for all K3 2 ½�1; 1	 and for all K2 2 ð0;K�
2	: ð4:16Þ
Here again we are restricting K2 6 K�
2, where K�

2 is a positive constant, in order to consider only some
physically reasonable range of stretches. For K3, which measures the mode rather than the magnitude of
deformation, no corresponding restriction is needed.

To get started on (4.16), we set
B0 ¼ 2A1; B1 ¼ 3A2 þ ð3K3 þ SiðK3ÞÞA4; B2 ¼ 4A3 þ ð4K3 þ SiðK3ÞÞA5: ð4:17Þ

Also, for convenience, we replace K2 by x and K�

2 by x*. With these changes, (4.16) can initially be viewed
as the problem of finding sufficient conditions on B1, B2, and B3 such that
B2x2 þ B1xþ B0 > 0 for all x 2 ð0; x�	: ð4:18Þ

First assume that B0 > 0. Using Lemma (4.12) we see that (4.18) is satisfied if and only if ðB1;B2Þ 2fS,

where fS, shown in Fig. 2, is the subset of the b1b2-plane bounded below and to the left by the lines
b2 ¼
b2

1

4B0

for b1 6 � 2B0

x�
and b2 ¼ � b1

x�
� B0

ðx�Þ2
for b1 > � 2B0

x�
: ð4:19Þ
We can now restate (4.16) more geometrically as follows. For a fixed A1 > 0, set B0 :¼ 2A1 and seek con-
ditions on A2, . . .,A5 such that ðB1;B2Þ 2fS for all K3 2 [�1,1], where B1 and B2 are defined by (4.17)2 and
(4.17)3.

To facilitate a geometric description of the problem, we define the curves Ci in the b1b2-plane by
½�1; 1	 3 k 7!ð3k þ SiðkÞ; 4k þ SiðkÞÞ for i ¼ 1; 2; 3; ð4:20Þ

and we let C denote the union of C1, C2, and C3. Because we know the functions S1, S2, and S3 explicitly, we
know the curve C explicitly (see Fig. 3). Also, we use A2 and A3 to rigidly translate fS to a new set S. Spe-
cifically, we define S by
S :¼ fðb1; b2Þ : ðb1 þ 3A2; b2 þ 4A3Þ 2fSg: ð4:21Þ



Fig. 2. fS.

Fig. 3. C.
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By appropriately translating the boundaries of fS, it can be checked that S is bounded below and to the
left by the curves
b2 ¼
1

8A1

b2
1 þ

3A2

4A1

b1 þ
9A2

2

8A1

� 4A3 for b1 6 � 4A1

x�
� 3A2; ð4:22Þ

b2 ¼ � 1

x�
b1 �

2A1

ðx�Þ2
� 4A3 �

3A2

x�
for b1 > � 4A1

x�
� 3A2: ð4:23Þ
Note that these two curves intersect at (�4A1/x* � 3A2,2A1/(x*)2 � 4A3). Next, we denote by U the
matrix
U :¼
A4 0

0 A5

� �
: ð4:24Þ
Now we observe that the definitions of C, S, and U imply that the inequality (4.16) holds if and only if
the image of C under the map b#Ub is in S. To discover conditions sufficient for this latter statement, we
can first pick A1, A2, and A3, construct the set S as above, and then seek sufficient conditions on A4 and A5

to ensure that the image of C under U is contained in S.
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Note that because 0 is always in the image of C under U, S must contain the origin. Hence we must
choose A1, A2, and A3 so that 0 is strictly above and to the right of the boundary of S. From (4.22)
and (4.23), we see that this yields an alternative derivation of the necessary conditions (4.8a) and (4.8b).

Now we fix A1, A2, and A3 satisfying (4.8a) and (4.8b). Suppose first that both A4 and A5 are non-zero.
Then the matrix U from (4.24) can be decomposed as
U :¼
A4 0

0 A5

� �
¼

jA4j 0

0 jA5j

� �
A4=jA4j 0

0 A5=jA5j

� �
¼: USUR: ð4:25Þ
If A4 and A5 have the same sign, then either UR = I or �I, where I is the 2 · 2 identity matrix. In
either case, UR maps C onto C, and hence the task reduces to picking A4 and A5 such that C, after being
stretched by US, is contained entirely inside of S. Consider the point p ¼ ð�6;�3

ffiffiffi
3

p
Þ in Fig. 4; this point

is below and to the left of all the points on S, and therefore USp ¼ ð�6jA4j;�3
ffiffiffi
3

p
jA5jÞ is below and to

the left of all the points on the image of C under US. Observe now that if a point x 2 S, then any point
above and to the right of x is also in S. Hence a sufficient condition for the image of C under US to be
contained in S is that ð�6jA4j;�3

ffiffiffi
3

p
jA5jÞ 2 S, which, by (4.22) and (4.23), is satisfied if (4.9a) and (4.9b)

hold.
Now suppose that A4 and A5 have opposite signs. Then UR in (4.25) is a rotation by p/2, either clockwise

or counterclockwise, and hence C gets mapped onto C as shown in Fig. 5. Seeking conditions sufficient to
imply that the image of C under US is contained in S is more work. We could, as above, pick one point that
is below and to the left of every point in C and find conditions sufficient to ensure that this point is mapped
into S by US. However, from Fig. 5, we see that because this point would be relatively far from C, these
sufficient conditions would be much stronger than necessary conditions for C to map into S.

As an alternative approach, which yields sufficient conditions closer to necessary conditions, we let L be
the line b2 = �b1 � 1 for b1 2 [�6,6] and we let L0 be the image of L under US. We observe that if L0 � S,
then the image of C under US is in S, which is true because for every point q 2 C there is a point on L that
is below and to the left of q (see Fig. 5).

An equation for L0 is b2 = �(jA5j/jA4j)b1 � jA5j with b1 2 [�6jA4j, 6jA4j]. Note that the upper left point
and the lower right point of L0 are
q :¼ ðq1; q2Þ ¼: ð�6jA4j; 5jA5jÞ; r :¼ ðr1; r2Þ ¼: ð6jA4j;�7jA5jÞ: ð4:26Þ
Fig. 4. Detail of C.



Fig. 5. C.
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Recalling (4.22) and (4.23), we use the vertical line b1 = �4A1/x* � 3A2 to divide S into two subsets,
each of which is convex. If L0 lies entirely within one of these subsets, then L0 � S if and only if q,
r 2 S. This observation yields the two inequalities (4.9c) and (4.9e), the first corresponding to L0 lying en-
tirely to the right of b1 = �4A1/x* � 3A2 and the second corresponding to L0 lying entirely to the left of
this line.

If, on the other hand, L0 crosses the vertical line b1 = �4A1/x* � 3A2, then we split L0 into the piece to
the left and the piece to the right of this vertical line and we apply to each piece the same convexity argu-
ment that led to (4.9c) and (4.9e). This yields the inequalities (4.9d).

We note that one could also consider the special case where one or both of A4 and A5 is zero. Also, one
could consider the special case where A0 = B1/2 = 0. Treating these cases by the same sort of elementary
geometric arguments would yield additional inequalities similar to those derived above.
5. Conclusion

For the class of models (2.5), which describe isotropic hyperelastic materials and are defined using a no-
vel set of invariants for the Hencky strain, we have derived the corresponding form of the Baker–Ericksen
inequalities. To illustrate an application, we then used this form of the Baker–Ericksen inequalities to de-
velop a set of specific constitutive restrictions for (4.7), a model of rubber-like materials proposed in
Criscione et al. (2000). As noted in the introduction, although the model (4.7) is relatively simple, the final
set of inequalities is complicated. One expects that describing constitutive restrictions like the Baker–Erick-
sen inequalities for other relatively simple models will generate sets of inequalities of similar complexity.
Yet if we require that models should satisfy conditions like the Baker–Ericksen inequalities, then these sorts
of complicated inequalities are unavoidable. We also showed that, although complex, these inequalities are
readily checked for particular values of the parameters.

These results are of practical importance to the experimentalist who seeks not only to construct models
that fit data well but who also wishes to understand the mechanical properties of those models according to
the theory of non-linear elasticity. In the first step of the modeling process, the experimentalist typically
conjectures an appropriate general form for the constitutive law of the material being modeled. This general
form contains free parameters, whose values are then determined by fitting data from experiments on the
material. One may start with a general model certain of whose properties depend on the values of the
parameters. Of great utility both for fitting data and for assessing a model derived from data would be
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a set of conditions, such as inequalities on the parameters, necessary or sufficient for the final model to in
fact have these properties. The inequalities we derive can serve this purpose.
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